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Prereq: 18.03 or 18.034; 18.04, 18.075, or 18.112 _
Units: 3-0-9 .

URL: http://math.mit.edu/classes/18.306 ;
Lecture: TR11-12.30 (2-132)

Concepts and techniques for partial differential equations, especially nonlinear. Diffusion, dispersion and other phenomena.
Initial and boundary value problems. Normal mode analysis, Green's functions, and transforms. Conservation laws,
kinematic waves, hyperbolic equations, characteristics shocks, simple waves. Geometrica!l optics, caustics. Free-boundary
problems. Dimensional analysis. Singular perturbation, boundary layers, homogenization. Variational methods. Solitons.
Applications from fluid dynamics, materials science, optics, traffic flow, etc.

?g,i‘t’ﬂi’;ﬁi"(sp,mg 2016)  André Nachbin: OFFICE: 2-378 anachbin@mit.edu
office hours: Tuesdays 4-6PM.

In my view, roughly speaking, this course is about:

= learning PDE-theory to improve intuition, modeling skills, including numerical modeling.
= improving analytical problem-solving skills.

= improving PDE-background to assess more advanced Applied Math publications. <
= practicing filling-in gaps and making choices:
gaps = due to different student background;
gaps = in a problem’s formulation;
>>>> “research scrimmage” (in the sense of a simvlated research).

Evaluation:
== through homework assignments.

== praject at the end (letter grading).
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# 13. Biological Waves: Single-Species Models

13.1 Background and the Travelling Waveform

There is a vast number of phenomena in biology in which a key element or precursor
to a developmental process seems to be the appearance of a travelling wave of chemical
concentration, mechanical deformation, electrical signal and so on. Looking at almost
any film of a developing embryo it is hard not to be struck by the number of wavelike
events that appear after fertilisation. Mechanical waves are perhaps the most obvious.
There are, for example, both chemical and mechanical waves which propagate on the
surface of many vertebrate eggs. In the case of the egg of the fish Medaka a calcium
(Ca*t) wave sweeps over the surface; it emanates from the point of sperm entry: we
briefly discuss this problem in Section 13.6 below. Chemical concentration waves such
as those found with the Belousov-Zhabotinskii reaction are visually dramatic examples
(see Chapter 1, Volume II). From the analysis on insect dispersal in Section 11.3 in
Chapter 11 we can also expect wave phenomena in that area, and in interacting popula-
tion models where spatial effects are important. Another example, related to interacting
populations, is the progressing wave of an epidemic, of which the rabies epizootic cur-
rently spreading across Europe is a dramatic and disturbing example; we study a model
for this in some detail in Chapter 13. The movement of microorganisms moving into a
food source, chemotactically directed, is another. The slime mould Dictyostelium dis-
coidewn is a particularly widely studied example of chemotaxis; we discuss this phe-
nomenon later (see the photograph in Figure 1.1, Volume II which shows associated
waves).

The book by Winfree (2000) is replete with wave phenomena in biology. The intro-
ductory text on mathematical models in molecular and cellular biology edited by Segel
(1980) also deals with some aspects of wave motion. Although not so application ori-
ented, there are several books on reaction diffusion equations such as by Fife (1979),
Britton (1986) and Grindrod (1996) which are all relevant. Zeeman (1977) considers
wave phenomena in development and other biological areas from a catastrophe theory
standpoint.

The point to be emphasised is the widespread existence of wave phenomena in the
biomedical sciences which necessitates a study of travelling waves in depth and of the
L mocfillih_g and analysis involved. This chapter and Chapter 1, Volume II (with many
other examples throughout Volume II) deal with various aspects of wave behaviour
where diffusion plays a crucial role. The waves studied here are quite different from
those discussed in Chapter 12. The mathematical literature on them is now vast, so the

15



438 13. Biological Waves: Single-Species Models

number of topics and the depth of the discussions have to be severely limited. Among
other things, we shall cover what is now accepted as part of the basic theory in the field
and describe two practical problems, one associated with insect dispersal and control
and the other related to calcium waves on amphibian eggs.

In developing living systems there is almost continual interchange of information
at both the inter- and intra-cellular level. Such communication is necessary for the se-
quential development and generation of the required pattern and form in, for example,
embryogenesis. Propagating waveforms of varying biochemical concentrations are one
means of transmitting such bioch ormation. In the developing embryo, diffu-

_Sion coefficients of biological cherpigals can be gery smzﬁ}* values of the order of 107
to 107" em~ sec™" are fairly common. Such small diffusion coefficients imply that to

cover macroscopic distances of the order of several millimetres requires a very long
time if diffusion is the principal process involved. Estimation of diffusion coefficients
for insect dispersal in interacting populations is now studied with care and sophistica-
tion (see, for example, Kareiva 1983 and Tilman and Kareiva 1998): not surprisingly
the values are larger and species-dependent.

With a standard diffusion equation in one space dimension, which from Section 11.1
is typically of the form

-Bu. Bzu‘
l‘a = D-ax—z, (13.1)

for a chemical of concentratio u. the time to convey information in the form of a

changed concentration over a distance L is O(L- [D). You get this order estimate from
e equation using dimensional arguments, similarity solutions or more obviously from

the classical solution given by equation (11.10) in Chapter 11. So, if L is of the order of
1 mm, typical times with the above diffusion coefficients are O @ 0 107 sec), which ig

erefore 1s unlikely to be the fnain vehicle for transmitting information
Sversignificant distances, A possible exception 1s the generalio utlerfly wing pat-
terns, which takes place during the pupal stage and involves several days (for example,
Murray 1981 and Nijhout 1991).

In contrast to simple diffusion weshall show that when reaction kinetics and dif-
fusion are couple

equations like (13.1). This coupling gives rise to reaction diffusion equations which (cf.
Section 11.1, equation (11.16)) in a simple one-dimensional scalar case can look like

I

when@;ls the concentrationfar_.) represents the kinetics aq@{l—):’:is the diffusion coeffi-
cient, here taken to be constant: '

We must first decide what we mean by a travelling wave. We saw in Chapter 11 that
the solutions (11.21) and (11.24) described a kind of wave, where the shape and speed
of propagation of the front continually changed. Customarily a travelling wave is taken

; - =, . g - [
(_excessivelYTlongrfor most processes in the early stages of embryonic development. Sim- t=0 E-——

travelling waves of chemical concentration exist and can effect a

du 9%u
e = fu) + Dﬁ’ (13.2)
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13.2 Fisher-Kolmogoroff Equation 439

to be a wave which travels without change of shape, and this will be our understanding
here. So, if a solution u(x, ¢) represents a travelling wave, the shape of the solution will
be the same for all time and the speed of propagation of this shape is a constant, which
we denote by (c. If we look at this wave in a travelling frame moving at speed c it will
appear stationary. A mathematical way of saying this is that if the solution

ﬁu(x,t):u(x—ct) =u(z), z=x-ct IL (13.3)

then u(x, ) is a travelling wave, and it moves at constant speed ¢ in the positive x-
direction. Clearly if x —ct is constant, so is «. It also means the coordinate system moves
with speed c. A wave which moves in the negative x-direction is of the form u(x + ct).
The wavespeed ¢ generally has to be determined. The dependent variable z is sometimes
called the wave variable. When we look for travelling wave solutions of an equation .
or system of equations in x and ¢ in the form (13.3), we have du/dr = —cdu fdz_|
and | du/dx = du jdz, So partial differential equations in x and ¢ become ordinary
dlfferqnuaLeqqatlons in z. To beph sncall _realistic «(z) has to be bounded for al all z
i : ' which we are concerned, such as chemical

o

It is part of the classical theory of linear parabolic equations, such as (13.1), that
there are no physically realistic travelling wave solutions. Suppose we look for solutions
in the form (13.3); then (13.1) becomes

DZ ',' +cj—: =0 = u(@®)=A+Be /P,

where A and B are integration constants. Since # has to be bounded for all z, B must be

zero since the exponential becomes unbounded as-g¢ — —oco. u(z) = A, a constant, is

not a wave solution, In marked contrast th ]gargbol_in: reaction diffusion equation (13.2)

can exhibit t travelllng ‘wave solutions, depeniding on the form of the reaction/interaction

term f(u). This solution behaviour was a major factor in starting the whole mathemat-

ical field of reaction diffusion theory. ﬂ

Although most realistic models of biological interest involve more than one dimen-, -

sion and more than one dependent variable, whether concentration or population, there
mmFﬁonably reduce to a one-dimensional single- ’\DCA\’ b
species mechanism which caBtures kex features. This chapter therefore 1s not simply l/.e_la‘(ianW
a pedagogical mathematical exposition of some > common techniques and basic theory.

N> AD

We discuss two very practical problems, one m@cology and the other in developmental Yreahshic
biology: both belong to important areas where modelling has played a significant role.
Fishe, (1933)
13.2 Fisher—Kolmogoroff Equgtion and Propagating “coluororoy (1433)
Wave Solutions Pre cursor work Luther (I

The classic simplest case of a nonlinear eaction diffusion equation (13.2) is

3
l» i—ku(l —u)+D
— ar
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1

— )
where k and D are positive parameters. It was suggested byFisher (1937) as a deter- -
ministic version of a stochastic model for the spatial spread of a favoured gene ina _

population. It is also the natural extensjog of ogistic.growth population model dis- <=

cussed in Chapter 11 when the population disperses via linear di 1s equation

form with an appropriate(class’of functions f () replacing ku(1 — ). The seminal and -G(u) X {(u(i

and its travelling wave s?lé&ags have béen widely studied, as has been the more general

now classical paper is that bycolmogoroff et al. (1937). The books by Fife (1979), Brit-
ton (1986) and Grindrod (1996) mentioned above give a full discussion of this equation
and an extensive bibliography. We discuss this model equation-in the following section
in some detail, not because in itself it has such wi_t_ig_:é'_licabiljﬁut because it is the -

prototype equation which a;_l#ts travelling wavefront solufions. It is also a convenient
equation from which tq develop many of the standard techniques for analysing single-
species models with diffusive dispersal. Gl

Although (13.4) is now referred to as the Fisher—Kolmogoroff equation, the dis-
covery, investigation and analysis of travelling waves in chemical reactions was first
reported by Lult_h_er (1906). This rediscovered paper has been translated by Arnold et al.
(1987). Luther’s paper was first presented at a conference; the discussion at the end of
his presentation (and it is included in the Arnold et al. 1988 translation) is very interest-
ing. There, Luther states that the wavespeed is a simple consequence of the differential _
equations. Showalter and Tyson (1987) put Luther’s (1906) remarkable discovery and
analysis of chemical waves in a modem context. Luther obtained the wavespeed in terms
of parameters associated with the reactions he was studying. The analytical form is the
same as that found by Kolmogoroff et al. (1937) and Fisher (1937) for (13.4).

Let us now consider (13.4). It is convenient at the outset to rescale (13.4) by writing

£\ 12
tF=kt, x"=x (—) (13.5)

D

and, omitting the asterisks for notational simplicity, (13.4) becomes

W e Slonke ¢ | 92 @
_d_‘ D _S_ L u(l—u)+du (13.6)

In the spatially homogeneous situation the steady states arelu = 0 and u = 1, which \ <+
are respectively unstable and stable. This suggests that we should look for travelling
wavefront solutions to (13.6) for whichl0 < u < I; negative u has no physical meanin &=

with what we have in mind for such models.
@n'avelling wave solution exists it can be written in the form (13.3), say
| ux, N =U@), z=x—cr, (13.7)
L

where c is the wavespeed. We use U (z) rather than u(z) to avoid any nomenclature
confusion. E’Since_{li.(’j) is invariant if x — —x, c may be negative or positive] To <€
be specific we assume ¢ > 0. Substituting this travelling waveform into (13.6), U(z)

isfies
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13.2 Fisher—Kolmogoroff Equation 441

A(
(13.8)

— . -
U+l +U-U)=0, F

where primes denote differentiation with respect to z. A typical wavefront solution is WANEFED P
where U at one end, say, as z — —00, is aé:—e steady state and as z oQ it is at the

'cher So here we have an eigenvalue problem to determine the value/ or values, of ¢ ._[____
such that a nonnegative solution U of (13.8) exists which satisfies |

lim U(z}=0, lim U(z)=1. l @ (13.9) »—
| E—=00 I—=F—=00

At this stage we do not address the problem of how such a travellm wave solution
might evolve from the partial differential equation (13.6) with gl_ven mltlal conditions

u(x, 0); we come back to this point later. _T T__ ke Tae. ‘) Ablewm w4
We study (13.8) for U in the (U, V) phase plane where | Plet

lrU’—v ’_—cv U(l—U)

which gives the phase plane trajectories as solutions of FM"’ H ane

dv. _ —cv-UQl-U)

dUu — v T
This has two singular points for EU V), namelx &O Oi and il O)h.these are the steady {'\ml we,
states of course. A linear stability analysis (see Appendix A) shows that the exgenvalues @

A for the singular points are

(13.11)

: ) 1 2 stable node ifc? >4 r{d‘ @-valwes
(0,0 dp=|-cx(@-d = { iral  if ¢2 Complex con)
Nt 2 [ ] stable spiral if = < 4 (1312) +

: \ 1
(0.0) r=3 [—c + (2 +4)'/2] = saddlepoint. Ao, A <0
Figure 13.1(a) illustrates the phase plane trajectories.

If ¢ > cmin = 2 we see from (13.12) that the origin is a stable node, the case when
€ = Cpin giving a degenerate node. If ¢? < 4itis a stable spiral; that is, in the vicinity

UI

U= AU (a) (b)

Figure 13.1. (a) Phase plane trajectories for equation (13.8) for the travelling wavefront solution: here >
4. {b) Travelling wavefront solution for the Fisher-Kolmogoroff equation (13.6): the wave velocity ¢ = 2.
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of the origin U oscillates. By continuity arguments, or simply by heuristic reasoning

from the phase plane sketch of the trajectories in Figure 13.1(a), there is a trajectory

from (1, 0) to (0, 0} lying entirely in the quadrant U > 0, U’ < Owith0 < U < | for "
 all'wavespeeds ¢ > cmin = 2. In terms of the original dlmensmna] equatlon (13 4), the

; range of wavespeeds satisfies 'j’
' . 1/2 } :
€= Cmin = 2(kD)/=, (13.13)

L——

_Figure 13.1(b) is a sketch of a typical travelling wave solution. There are travelling
wave solutions for ¢ < 2 but they are physically unrealistic since U < 0, for some z,
because in this case U spirals around the origin. In these, U — 0 at the leading edge
with decreasing oscillations about {/ = 0.

A key question at this stage is what kind of initial conditions u{x, 0) for the original <=
Fisher—Kolmogoroff equation (13.6) will evolve to a travelling wave solution and, if
such a solution exists, what is its wavespeed{c.This problem and its generalisations <=
‘have been widely studied analytically; see the Teferences in the books cited above in
Section-13.1--Kolmogoroffet al. (1937) proved that if «(x, 0) has compact support, that

is, Vv, 7

|'
_ 1 ifx < x %1 ¥
u{x,®) =ug(x) = 0, wupx)= [0 ey (13.14)
where x; < x2 and wg(x) is continuous in x; < x < xz, then the solutnon u(x,t) of
(13.6) evolves to a travelling wavefront solution U (z) withlz = x — 2t.|That is, it evolves
to the wave solution with krimmum speed Crmini= ZJFor initial data other than (13.14)
the solution depends critically on the behaviour of u(x, 0) as x — +o0.

The ﬂepenmespeed c on the initial conditions at igfjnity can be seen
S g __ e
easily from the following simple analysis suggested by Mollison (1977). Consider f ﬁrst
the leading edge of the evolving wave where, since u is small, we can neglect «2 in
comparison gvith 1. Equation (13.6) is linearised to

, )
- W ;) RE
Ue = 4~ i 4 Uxx 'La—‘: 2z 4 ﬁ. (13.15)

Consider now
w(x,0) ~ Ae™? as x = oo, (13.16)

wherea > 0 and A > 0 is arbitrary, and look for travelling wave solutions of (13.15) in
the form
u(x, 1) = Ae~x=N, (13.17y <=
W vl
We think of (13.17) as the leading edge form of the wavefroni solution of the nonlinear ~ Vp/Dfi
equation. Substitution of the last expression into the linear equation (13.15) gives the :
dtsperswn relation ation, that is, a relationship between ¢ and a,

I
i g:)—\\ A K‘

‘L



el lepratncar Bidlogy T A InbrvAcchon

J-P. Murragy, 200] L

402 11. Reaction Diffusion, Chemotaxis, Nonlocal Mechanisms

11.3 Models for [Animal Dispersal

Diffusion models form a reasonable basis for studying insect and animal dispersal and
_invasion; this and other aspects of animal population models are discussed in detail,
for example, by Okubo (1980, 1986), Shigesada (1980) and Lewis (1997). Dispersal
of interacting species is discussed by Shigesada et al. (1979) and of competing pemes
by Shigesada and Roughgarden (1982). Kareiva (1983) has shown that many species
appear to disperse according to a reaction diffusion model with a constant diffusion co-
efficient. He gives actual values for the diffusion coefficients which he obtained from
experiments on a variety of insect species. Kot et al. (1996) studied dispersal of organ-
isms in general and importantly incorporated real data (see also Kot 2001). A common
feature of insect populations is their discrete time population growth. As would be ex-
pected intuitively this can have a major or effect on |their s _p_anal dispersal. The model
equations involve the coupling of discrete time with continuous space, a topic investi-
gated by Kot (1992) and Neubert et al. (1995). The book of articles edited by Tilman
and Kareiva (1998) is a useful sourcebook for the role of space in this general area. The
articles address, for example, the question of persistence of endangered species, biodi-
versity, disease dynamics, multi-species competition and so on. The books by Renshaw
(1991) and Williamson (1996) are other very good texts for the study of species invasion
phenomena: these books have numerous examples. The excellent, more mathematical
and modelling oriented, book by Shigesada and Kawasaki (1997) discusses biological
invasions of mammals, birds, insects and plants in various forms, of which diffusion
is just one mechanism. For anyone seriously interested in modellmg these phenomena
these books are required reading. )
One extension of the classical diffusion model which is of particular relevance to @

insect dispersal is when there is an increase in diffusion due to population ure,
One such model has the diffuston coefficient, or rather the Hux E depending on the

population densit;.@ such that D increases with #; that is, D aroa ¢ Loww (£low M 5orov

medtiw) [gr = — ¥ vf
\;BQP“{\:X\S\%;PI WX J=—-D(n)Vn, % > 0. ,HV\ (11. ég)Mer e
population densiy(n NA \ 9(“ PJ(&& M?i&

A gmml form fo; D) is D()(n/ng)’"I where m > 0 and Dy and ng are positive
constants. The dis is then

|
[ _AD

. 1
‘?—n = Doi ny o . (11.20)
ot ax no dx

In one dimension
“

which has an exact analytical solution of the form

Ao, eoruaiion .
i wmiable clfiwmon (rive
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2 1/m |
)= 11— |x| < roi(t)
AT D ‘ - (11.21)
=0, 21> r0M0),  [Gompack suppor+-|
where

_oert+d
(' 2nT (3 + DY

(11.22)

where(T")is the gamma function and/(Q)is the initial number of jnsects released at the

_origin. It is straightforward to check t at (11.21) is a solution of (11.20) for all ry. The
evﬁuaixon of [ ro comes | from requiring the mtegal of n over all x to be equal to@
(In another context (11.20) is known as theuE_ us media equation. ) The_population

is ldentmallz Zero fo; x > roA(t). This solution is fundamental
when m = 0, namely, (11.10), The difference is due to the fact that \D(0) = 0 The %
Ko

solution represents a kind of wave with the frontatx = x = roJL(r) The denivalive
of n is discontinuous here. The wave ‘front, which we define here as the point where

n = 0, propagates with aI-sBeed dxs/dt = rgdl/dr]amhich, from (11.22), Qecreases A I
with time for all m. The solution for » is illustrated schematically in Figure 11.2. The e
dispersal patterns for grasshoppers exhibit a similar behaviour to this model (Aikman thime O\'Q‘

and Hewitt 1972). Without any source term the population n, from (11.21), tends to

0 e = __ﬂ.
Zero as t — 00, Shlgesaaa (1980) proposea Such a m?ael for animal dispersal in which
She took the linear diffusion dependence D(n) o n; see also Shigesada and Kawasaki
(1997).

The equivalent plane radially symmetric problem with Q insects released at r = 0
at t+ = 0 satisfies the equation

8n_ DQ d n \" an (11.23)
a ar d no ar -

WRVE Frlon!ﬂ

P —

with solution

>l

oy(ty)  zyta) =

Figure 11.2. Schematic solution, from (}1.21), of equation (11.20) as a function of x at different times r.
Note the discontinuous derivative at the wavefront x ¢ () = rgA(#).
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fact that the waves are stable to finite domain perturbations makes it clear why typical
numerical simulations of the Fisher—Kolmogoroff equation result in stable wavefront
solutions with speed ¢ = 2.

I ahuenl Addoguen ) (130):

13.4 Density-Dependent Diffusion-Reaction Diffusion Models and
Some Exact Solutions

We saw in Section 11.3 in Chapter 11 that in certain insect dispersal models the diffu-
sion coefficient D depended on the population . There we did not include any growth
dynamics. If we wish to consider longer timescales then we should include such growth

terms in the model. A natural extension to incorporate density-dependent diffusion is
thus, in the one-dimensional situation, to consider equations of the form

ar

o _ Fay+ 2 [D( a)—] (13.39)

where typically D(1) = Dgu™, with Dy and m positive constants. Here we consider
functions| f () which have two zeros, jone at « = 0 and the other at u = 1. Equations
in which f = 0 have been studied much more widely than those with nonzero f; see,
for example, Chapter 11. To be even more specific we consider f(u) = ku?(l — u?),
where p and g are positive constants. By a suitable rescaling of ¢ and x we can absorb
the parameters k and Dy and the equations we thus consider in this section are then of
the general form

du 9
P = uh)+ i [u —“] (13.40)
t ax

where p, g and m are positive parameters. If we write out the diffusion term in full we
get

au 9u

Pl — 4 m—1 d‘)z ]
=uf(l —u?Y+mu (Bx +u P
which shows that the nonlinear diffusion can be thought of as contributing an equivalent
convection with ‘velocity’ —mu™ 191 /dx.

It might be argued that the forms in (13.40) are rather special. However with the
considerable latitude to choose p, ¢ and m such forms can qualitatively mimic more
complicated forms for which only numerical solutions are possible. The usefulness of
analytical solutions, of course, is the ease with which we can see how solutions depend
analytically on the parameters. In this way we can then infer the qualitative behaviour
of the solutions of more complicated but more realistic model equations. There are,
however, often hidden serious pitfalls, one of which is important and which we point
out below.

165
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ELEVEN

MULTIPLE-SCALE ANALYSIS <=

And here—ah, now, this really is something a little recherché.

—Sherlock Holmes, The M usgrave .Rl'mm'
Sir Arthur Conan Doyle

&«

Multiple-scale analysis is a very general collection of perturbation techniques that
embodies the ideas of both boundary-layer theory and WKB theory. Multiple-
scale analysis is particularly useful for constructing uniformly valid approxima-
tions to solutions of perturbation problems.

In this section we show how nonuniformity can appear in a regular perturba-
tion expansion as a result of resonant interactions between consecutive orders of
perturbation theory. To illustrate, we examine a simple perturbation problem,
show how resonances occur and lead to a nonuniformly valid perturbation expan-
sion, and finally show how to interpret and eliminate these nonuniformities. The
formal development of multiple-scale analysis is postponed to Sec. 11.2.

1.1 RESONANCE AND SECULAR BEHAVIOR

Resonance

The phenomenon of resonance is nicely illustrated by the differential equation
12

0 + 310 = cos ()

(11.1.1)

This equation represents a harmonic oscillator of natural frequency 1 which is

driven by a periodic external force of frequency w. The general solution to this
equation for |w| +# 1 has the form

. t

y{t)= A cos t + Bsin t+-—c°i!w—)

o o] # 1.
Observe that for all fw | + 1 the solution remains bounded for all 1. If |@] is close
to 1, the amplitude of oscillation becomes large because the system absorbs large
amounts of energy from the external force. Nevertheless, the amplitude of the
system is still bounded when |w| # 1 because the system is oscillating out of
phase with the driving force.

544

(11.12)
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The solution in (11.1.2) is incorrect when |w| = L. The correct solution has
an amplitude which grows with :

y)=Acost+Bsint+htsing, |o|=1 (11.1.3)

The amplitude of oscillation of this solution is unbounded as r — oo because the
oscillator continually absorbs gnergy from the periodic external force. This system
is in resonance with the external force. ’

The term 4t sin ¢, whose amplitude grows with ¢, is said to be a secular term.
The secular term }t sin ¢ has appeared because the inhomogeneity cos ¢ in (1 L11)
with |w| =1 is itself a solution of the homogeneous equation associated with
(11.1.1): d*y/de* + y = 0. In general, secular terms always appear whenever the
inhomogeneous term is itsell a solution of the associated homogeneous constant-

0 0 . = .
 coefficient diflerential equation. A secular term always grows more rapidly than
the corresponding solution of the homogeneous equation by at leg_sl a factor of .|

Example 1 Appearance of secular terms.

(a) The solution to the differential equation d%y/di® — y = ™! has a sccular term because e-*

satisfies the associated homogeneous equation. The general solution is () = de ™

+ B’ — {1¢”". The particular solution —Jre™ is secularielative 1o the homogencous solution

{Ae™"}we must regard the term —J4e™" as secular even { v it is ncgligible compared with
\iﬂe'ﬁ)omog:ncous solution Be’ as f — m,

{P} The solution to the differential equation d?y/d? — 2dy/dr + y = ¢ has a sccular term because

€ satisfies Lhe associated homogeneous cquation. The general solution is_y{r) = Ae!

+ Bie’ + §1*¢. In this case, the particular solution 483¢ is secular with respect l¢x§£ﬂlutiam

of the associated homogeneous equation. i

Nonuniformity of Regular Perturbation Expansions

The appearance of secular terms signals the nonuniform validity of perturbation

. expansions for large t. The nonlinear oscillator ﬂuaﬁon 'iljufﬁng's equation) o
42 _ y
:ﬂ—f +y+e°=0, y0)=1,y(0)=0, (11.1.4)

provides a good illustration of what we mean by nonuniformity. A perturbative
solution of this equation is obtained by expanding y(t) as a power series in e:

¥t) = _)::0 £a(t), (11.1.5)

WE.,(O) = 1,5(0) = 0, ,(0) = y4(0) = 0 (n > 1){Substituting (11.1.5)into the
: illerential equation (11.14}and equating cents of like powers of ¢ gives a
sequence of linear differential equations of which f all) but the first are

s

inhomogeneous: ~} —
T L OT(EY) 4 pe=0, (11.1.6a)

TE) m+n=-s (11.1.65)
and so on. —t
The solution to ({1.1.6a) which satisfies yo(0) = I, y,(0}=0is
Yolt)=cos t.
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To solve (11.1.6b} we invoke the trigonometric identity
to rewrite the inhomogeneous term. The formulas in (LT
the general solution to (11.1.6b):

*t=%cos3t+3cost &
.L3Jthen provide

Wi(t)= A cos t + Bsin t + 5 cos 3t — 3t sin 1;

the particular solution satisfying|y, (0) = Y{0y=0is é-
y,(r):;‘;cos3r-311-cosr::§tsin:. I

We observe that y, () contains sgeular teom This secularity necessarily occurs
because cos® ¢ contains'a componamt; s 1, whose frequency equals the natural
frequency of the unperturbed oscillator. \

In summary, the first-order perturbative solution to (11.14) is :

¥{t) = cos t + e[k cos 3t — 4 cos ¢ —Besin ] + O(?), &0+, (11.17)

We emphasize that the term O(e?) in the above expression means that for fixed ¢
the error between y(t) and yoft) + £y, (t) is at most of order £ as £—+0+. The

nonuniformity of this result surfaces if we consider large values of t—specifically,

values of ETF-"’MSI 1/e or larlgt_:r as i—o m t, the secular

term in y,(t) suggests that the amp! tude of oscillation grows with t. However, as
we will now show, the exact solution y(t} remains bounded for all ¢.

Poundeg Soluk OV\S‘"\\j _

To show that the solution to (11.1.4) is bounded for all ¢, we construct an integra]
of the differential equation. Multiplying (11.1.4) by the integrating factor dy/dr

converts each term in the differential equation to an exact derivative: = ——
dftfa 1, 1. |
- = LA IR
di [2 d:) T3Vt I 0.
1/dy\2 1 PR \
Thus, 3 a‘t) + 2y +Zsy =C, J f(_l}_.__l.S) 3
where C is a constant. Since y(0) = 1 and Y(0)=0,C=4+4 W e > 0, the

integral in (11.1.8) shows that §y* < C for all 1. Therefore, | ¥(¢}}-i5"bounded for all

tby./1+¢/2
The argument just given is frequently used in.applied mathematics to prove
boundedness of solutions to both ordinary gnd partial differential cquations. The
integral in (11.18) is called an ¢nergyintegral. Equation (11.1.8) may be in-
icallv-as g Closed bounded orbit 1 the'phaseplane whose axes are

4

L

Perturbative Construction of a Bounded Solution to (11.1.49)

We have arrived at an appare % ; we have shown that the ex

¥(t) to (11.1.4} is boupdes l at the first-grder perturbative sofution in,
(11.1.7) is secular (prows with 1 for large ¢). The resolution of this paradox lies in




lews 3¢ + % cos ¢
E3)eken provide

oessarily occurs
fz=2Is the natural

E

=

=0 (1117)
i!:h::t for fixed t
B -0+ The
| —spedifically,
Bf r. the secular

|- However, as
| ¥

fey” ~ integral
pe.sor dy/dr
e

(1L18)

ill::u:}ﬂ.,lhc
iwnded for ail

s to prove
fmatioes. The
H may be m-
Fiose Zxes are

16

MULTIPLE-SCALE ANALYSIS 547

BB [ T

=1.6 4

20
Figure IL.1 A phase-plane plot (y versus dy/dt) of solutions 1o Duflings equation Py 4 y
+ey’ =0y} =1, Y(0)=0)fors=0,1, and 2.

The orbils shown are constant-energy curves [sce 3
{11.18)] which satisfy (dy/ds)? + y* 4 2 =1 g2, i

the summation) of the perturbation seri

& (11.1.5) We know that the problem
LRIDQCD as £ 0+ for fixed ¢ (sec Sec. 7.2).

-2} converges 1o the solution y(r) for each 1. We conclude
I that although order b h term i urbation expansj [

secularI the seculaniy [ust ﬁlsaeﬁr when the series Is summﬁ ' ¢
i o 1lustrate how summing a4 perturbation series can eliminate secularity, 3
consider the perturbation serics

-  ®
l—!:l+{-l:ztz—-&r:’r"+---+;:"z"[(_.[)~f,,!]+...' .

=0+,
‘ IRthis series is 4f when t is of order 1/z or larger, Nevertheless, the

sum of the series ¢~ is bounded for all positive ! s |
i We will now examine the more complicated perturbation serits_(ﬁIS)_a-nT__—

show that the sum of thg_@gl_sgcular_l_@s__ip each order in bation theo

Is actually not secular. We will show, using an inducti men
 secular term in y,{t) has the form

A" - Adrre (11.1.9)
where * denotes complex conjugation. There are less secular temms in y,(t) which
grow like i* (k < n), but we ignore such terms for now.

The final result of our calculations will be

I % ;’j (%) (11.1.10)
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Using this formula for 4, we see that the sum of the most secular terms in the
perturbation series (11.1.5) is a cosine function: -

Baee Q) e+

AfY than yalt] AL
(“' "The dillerence between y(t) and cos ¢ is small so long as 0 <t <« /e
==01 ), while cos [¢(1 + #¢)] is an accurate approximation to y(t) over a much 5
larger range of ¢. These assertions are explained as follows. In order | that ye(t)bea Orc'e/i vl
good approximation to y(t), it is necessary that V) < yolt) (e—0+) forall vl B8
n>1; thisis true if 0 < t « 1/e\On the other hand, the ferms that weignoredin Vi ol A1
deriving (11.1.11} all have the form £ {

e[Ae(er)'e™ + A*et(erfe ™],

where k, I, m are nonnegative integers. Therefore, when t = O(1/e), each of these
ignored terms is in fact negligible compared to at least one of the secular terms
- included in (11.1.1T) We accept without proof the nontrivial result that thesum of
j all these small terms is still@nEjLThe higher-order terms are analyzed in Probs.
11.5 t0 11.7.
We inte

fromi 1 t - g2/
noticeable when ¢ is of order 1/e

Inductive Derivation of (11.1.10)

Comparing the first-order perturbation theory result in (11.1.7) with (11.1.9)
verifies that the coefficient of the most secular terms in zeroth and first order are
given correctly by (11.1.10). To establish (11.1.10) for all n, we proceed inductively.
The (n + 2)th equation in the sequence of equations (1 1.1.6) determines y,.(t):

Yar1 ¥ Yar1 = —Laays (11.1.12)

where the inhomogeneity I,,, is the coefficient of ¢ in the expansion of
o ey /). Thus, :
Ieyr= Y Y (11.1.13)

Jtk+l=n
The most secular term in y, ., ,(t) is generated by the most secular terms in y(t) for
0 < j < n (see Prob. 11.2). If we assume that (11.1.10) is valid for Ao, Ay, 43, .-,
A,, then the coefficient of t"¢" in I, , is given by

1(2). juﬂﬂpﬂ-' S AL l(ﬁ )- J““"(— 1y +(—1)+ (—1)1'

R\B 1k ~8\8 jrkrn



L

—x=

B8 G o B T -

TR

e T

MULTIPLE-SCALE ANALYSIS 549

The sum in the above expression is just three times the coefficient of x* jn the
Taylor expansion of €"e"e™ (see Prob. 11.3

); therefore, it has the value 3/n!. Thus,
the terms in 1, 1 Which generate the most secular terms in y, , 1{t) are

$ay[re + (=iYe nt.

Substituting these terms into the right side of

(11.1.12) and solving for Yasq(t)
gives

Yasrlt) = GI)” '[i” gl 4 (_,-)M Iew‘;y(n
By induction, we Co!
all n.

+ 1)! + less secular terms,

nclude that since (| 1.1.10} is true for n = 0, it remains true for

(E) 112 MULTIPLE-SCALE ANALYSIS

) eltm butions to pertur-
bation theory by simply guimming them to all orders in powers of &. The method
we used works wel] b ires a Iena alculation which o

' kS 8 RRICIL CA0_be avoided by
using the methods of multinle siale analysis roduced in this section.
Once again, we consider thé nonlinear oscillator problem in (11.2.4):

dz
GHIET =0 0= 1, y0) -0 (112.1)
The principal result of the last

theory in powers of ¢ is invalid
order) and violate the bound
h e

section is that when  is of ordey 1/, perturbation
. Secular terms appear in all on{e

(except zeroth
edness of the solution (3}
ecu

e
geT. Fveh though the exact so ution y(t}isa
sis seeks solutions which are

L functions of
n dent'variables, We e¢mphasize that expres-
g y as a function of two variables is an-art

1@ to remove secular effects; the
actual solution has ¢ and 1 related by t ="er-s5th

at t and 7 are ultimately not
independent.

The formal procedure consists of assuming a perturbation expansion of the
form

! OES A(S ) +eYt, 1) + - ] (11.2.2) 4‘
We use the chain rule for partial differentiation to compute derivatives of e):

dy (3% aY,ds (aY, oY dry
d:”‘("aT"'F{d:)" a

a T oar)t
However, since ¢ = &, dv/dt = ¢ Thus,

dy__a“;, ) A 3
E-—Ff— +£(¥ +—a-t—)+0(8). (11.2.3)

.-.!_? 3

¥




Vv

550 GLOBAL ANALYSIS

Also, dilferentiating with respect to ¢ again gives

dzy aZYu 62Y0 6 Yl
£Y_0 % ) o 1124 i
= o (26t o T ) +06%) (1124) s
Substituting (11.2.4) into (£1.2.1) and collecling powers of £ gives j
"a},"’ + Y =0, (11.2.5) b

2y,

Y, | y3—22% 11.2.6) 2
R Eﬁl 5y (L :
The most general real solution to {11.2.5} is 4 .
Yolt, 1) = A(t)e“+ A*z)e ™, (11.27)
g flaw: 0D tign of T. - .

l 3/‘(44')2 +2'_| _e.'HlAJ —air(At):\ ‘
are solul:on; of the homogeneous equation 8Y,/ér?
+ Y, = 0.Therefore, ifthe coefficients of ¢” and e~ * on the right side of (11.2.6) are
nonzero, then the solutin Y, (t, t) #ill be secular in ¢. To preclude the appearance
of secularity, we require that the/as yet arbitrary function A(r} satisfy

Caqzqx - 2194 o,
dt

(11.2.8)

:;jl E

(11.29)

UI *
—3A(A*)?* + Pl
d

These two oomp]ex equations do Lvlm.:*.ulq:nrc;'.rdeu:rn'nm: A(z) because the
one is the complex conjugate of the other. If (11.2.8)
satisfied, no secularity appears in (11.2.2), at least through terms of ordcr E
To solve (11.2.8) for A(), we represent A(t) in polar coordinate form:

Afr)= R(z)™, (11.2.10) ' '-

where R and 0 are real. Substituting into (11.2.8) and equating real and imaginary
parls gives

dR
—= 11.2.11
drt 0. ( a)
e 3 .
= 1.2.11b
dr 2  R- u )

A(z) = R(0)e™+ 3RO (11.212)




(11.2.4)

(11.2.5)

(11.26)

(1.2.7)
jpot appear in

Ay,

pon 32Y,/0r?
pf(112.6)are
E appearance

i
(11.2.8)

(11.29)

ty are redun-
[{1129) are
oeder £

& form:
{11.210)
il emaginary

{11211a)
{112.115)

(11212)
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Exact
riny - cos [+ e

Cos !

Figure-11.2_ The exact solution ¥{r} 10 Duffing’s cquation Pyfd &y gy

forz = 0.1 {middle graph)compared with perturbative ARQRORIALRRS Y Y (Rt b Tower graphs).
i ¢ regular perturbation series for ¥(t), and the
g-order approximation 1o ¥it) obtained from

i and cos [{1 + 3¢/8)), arc correct 10 additive
terms of order ¢, but cos ¢ is not valid for large values of t; when ¢ = 160, cos ¢ is _l'ullliyclc out

of phase with ¥t} The muhipie-scale approximation closcly approximates y{t), cven e values
of t.

and the zeroth-order solution (112.7) is

Yolt, 7) = 2R(0) cos [0(0) + 3R2(0)c + 1], (11.2.13)

The initial conditions ¥(0) = 1, y'(0) = 0 determine R(0) and 0(0). The condi-
tion y(0) = 1 becomes %(0, 0)= 1, v,(0, 0}=0,.... From (11.23), y'(0) = 0 be-
comes (3, /a1)(0, 0) = 0, (7Y, fot)0, 0) = —(ay, /9t)(0, 0), ... In order to satisfy
these conditions, we must choose R{0) = and 0(0) = 0. Therefore, the zeroth-
order solution is Yy{t, 1} = cos [; + #1). Finally, since 1 < ¢,

Y(t)=cos [i{t + 1)) HO(e £+ 0+, &2 = 0(1), (11.2.14) , é

and we have reproduced (1LL11). In Figs. 112 to 114 we compare the exact
solution to (1__1,2.1) with the approximation in (11.2.14)

—7 __Abigher-order'treatment of (11.2.1) is not completely straightforward. When
oyed, there is so much freedom in the pertur-

(Eorg than two time : scales are empl
ation series representation that ambiguities can result {see Probs. 11.5 1o 11.7).

h

() 113 EXAMPLES OF MULTIPLE-SCALE ANALYSIS

In this section we illustrate the formal multiple-scale technique that was
developed in Sec. 11.2 by showing how to solve four elementary exampies. The
third and fourth of these cxamples are especially interesting because they show &
= =
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MM AR AR AARAA AT AR
ST
SHAMMARARAL AR A AR AR AR
ST
SHAAAARAAAARA AR ARA AR ARAARAT
T

Figure 11.3 Same as in Fig. 11.2 but with ¢ =/ 0.2. Note that cos ¢ icyc!s out of phase with y(r)
when 1 = 160.

¥ cos [(l + in).’]

Exact

cost

£=0r3
AR EAR AR SRR R AR R AR
= VTR
g STAMMANAAANS AMAMARIARE
B YTy

SIAAARRARARRAANRE R AR RARRNT
“””’””””””””’”

Figure 11.4 Same as in Fig. 112 but with £ /0.3, Note that cos ¢ is{three; cyclcs out of phase with
¥{t) when ¢ = 160, o

Cosf

how<multiple-scale analysis can reproduce the results of boundary-layer and
@nalysis.

Example | Multiple-scale analysis of a damped oscillator. Let us consider an harmonic oscillator
with a cubic ddmping term:

YotyteyF =0 p0)=1,yf0)=0. {1.a.1)

If £ = 0, the solution ¥(t) must decay 10 0 as 1 — 0. To prove this assertion, we muitiply (11.3.1)
by ¥ and construct an energy integral similar to that in (1L.18):

g E 0P+ f} = ~ely) <0, (1132)
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